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Abstract. The aim of the present paper is to provide a global presentation of the 
theory of special Finsler manifolds. We introduce and investigate globally (or in- 
trinsically, free from local coordinates) many of the most important and most com- 
monly used special Finsler manifolds : locally Minkowskian, Berwald, Landesberg, 
general Landesberg, P-reducible, C-reducible, semi-C-reducible, quasi-C-reducible, 
P*-Finsler, C h - recurrent, C v -recurrent, C°-recurrent, ^"-recurrent, ^-recurrent of 
the second order, C2-like, S^-like, ^-like, P2-like, i?3-like, P-symmetric, /i-isotropic, 
of scalar curvature, of constant curvature, of p-scalar curvature, of s-ps-curvature. 

The global definitions of these special Finsler manifolds are introduced. Various 
relationships between the different types of the considered special Finsler manifolds 
are found. Many local results, known in the literature, are proved globally and 
several new results are obtained. As a by-product, interesting identities and properties 
concerning the torsion tensor fields and the curvature tensor fields are deduced. 

Although our investigation is entirely global, we provide; for comparison rea- 
sons, an appendix presenting a local counterpart of our global approach and the local 
definitions of the special Finsler spaces considered. 



Keywords and phrases. Berwald, Landesberg, P-reducible, C-reducible, Semi-C- 
reducible, Quasi-C-reducible, P*-Finsler, C h -recurrent, C^-recurrent, S^-recurrent, 
C2-like, S^-like, ^-like, P2-like, P3-like, P-symmetric, /i-isotropic, Of scalar curva- 
ture, Of constant curvature, Of p-scalar curvature, Of s-ps-curvature. 

2000 AMS Subject Classification. 53C60, 53B40. 
^rXiv Number: 0704.0053 



1 



Introduction 



In Finsler geometry all geometric objects depend not only on positional coordi- 
nates, as in Riemannian geometry, but also on directional arguments. In Riemannian 
geometry there is a canonical linear connection on the manifold M, while in Finsler 
geometry there is a corresponding canonical linear connection, due to E. Cartan, 
which is not a connection on M but is a connection on n~ 1 (TM), the pullback of 
the tangent bundle TM by n : TM — > M (the pullback approach). Moreover, in 
Riemannian geometry there is one curvature tensor and one torsion tensor associated 
with a given linear connection on the manifold M, whereas in Finsler geometry there 
are three curvature tensors and five torsion tensors associated with a given linear 
connection on tt~ 1 (TM). 

Most of the special spaces in Finsler geometry are derived from the fact that 
the 7r-tensor fields (torsions and curvatures) associated with the Cartan connection 
satisfy special forms. Consequently, special spaces of Finsler geometry are more 
numerous than those of Riemannian geometry. Special Finsler spaces are investigated 
locally (using local coordinates) by many authors: M. Matsumoto [16], [18], [15], [H] 
and others [BJ, [B5], [5], [7]. On the other hand, the global (or intrinsic, free from 
local coordinates) investigation of such spaces is very rare in the literature. Some 
considerable contributions in this direction are due to A. Tamim [23], [25] . 

In the present paper, we provide a global presentation of the theory of special 
Finsler manifolds. We introduce and investigate globally many of the most important 
and most commonly used special Finsler manifolds : locally Minkowskian, Berwald, 
Landesberg, general Landesberg, P-reducible, C-reducible, semi-C-reducible, quasi- 
C-reducible, P*-Finsler, C h -recurrent, C^-recurrent, C°-recurrent, S^-recurrent, S v - 
recurrent of the second order, CVhke, S3-like, S^-like, Pj-like, P3-like, P-symmetric, 
/z-isotropic, of scalar curvature, of constant curvature, of p-scalar curvature, of s-ps- 
curvature. 

The paper consists of two parts, preceded by a preliminary section (§1), which 
provides a brief account of the basic concepts of the pullback approach to Finsler 
geometry necessary to this work. For more detail, the reader is referred to [I], [3], [5] 
and |23]. 

In the first part (§2), we introduce the global definitions of the aforementioned 
special Finsler manifolds in such a way that, when localized, they yield the usual 
local definitions current in the literature (see the appendix). The definitions are 
arranged according to the type of the defining property of the special Finsler manifold 
concerned. 

In the second part (§3), various relationships between the different types of the 
considered special Finsler manifolds are found. Many local results, known in the 
literature, are proved globally and several new results are obtained. As a by-product 
of some of the obtained results, interesting identities and properties concerning the 
torsion tensor fields and the curvature tensor fields are deduced, which in turn play 
a key role in obtaining other results. 

Among the obtained results are: a characterization of Riemannian manifolds, a 
characterization of ^"-recurrent manifolds, a characterization of P-symmetric 
manifolds, a characterization of Berwald manifolds (in certain cases), the equivalence 
of Landsberg and general Landsberg manifolds under certain conditions, a classifica- 
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tion of /i-isotropic C h -recurrent manifolds and a presentation of different conditions 
under which an i?3-like Finsler manifold becomes a Finsler manifold of s-ps curvature. 
The above results are just a non-exhaustive sample of the global results obtained in 
this paper. 

It should finally be noted that some important results of [8], [9], [11], [13], [19], 
[20],..., etc. (obtained in local coordinates) are immediately derived from the obtained 
global results (when localized). 

Although our investigation is entirely global, we conclude the paper with an ap- 
pendix presenting a local counterpart of our global approach and the local definitions 
of the special Finsler spaces considered. This is done to facilitate comparison and to 
make the paper more self-contained. 

1. Notation and Preliminaries 

In this section, we give a brief account of the basic concepts of the pullback 
formalism of Finsler geometry necessary for this work. For more details refer to [T], [3J, 
[2] and [21]. We make the general assumption that all geometric objects we consider 
are of class C°° . The following notations will be used throughout this paper: 
M: a real different iable manifold of finite dimension n and of class C°°, 
$(M): the M-algebra of differentiable functions on M, 
X(M): the #(M)-module of vector fields on M, 
■k m : TM — > M: the tangent bundle of M, 

ii : TM — > M: the subbundle of nonzero vectors tangent to M, 

V(TM): the vertical subbundle of the bundle TTM, 

P : 7r -1 (TM) — >TM : the pullback of the tangent bundle TM by vr, 

P* : Tt~ l {T*M) — >TM : the pullback of the cotangent bundle T*M by vr, 

X(tt(M)): the £(TM)-module of differentiable sections of 7r -1 (TM). 

Elements of X(tt(M)) will be called n- vector fields and will be denoted by barred 
letters X. Tensor fields on 7r _1 (TM) will be called 7r-tensor fields. The fundamental 
7r-vector field is the 7r-vector field fj defined by fj(u) = (u, u) for all u E TM. The 
lift to 7r~ 1 (TAf) of a vector field X on M is the tt- vector field X defined by X{u) = 
(u, X(tt(u))). The lift to 7r _1 (TM) of a 1-form uj on M is the 7r-form a; defined by 
uj{u) = (u, u(tt(u))). 

The tangent bundle TiTM) is related to the pullback bundle tx~ x (TM) by the 
short exact sequence 

— > tt~ x (TM) TiTM) 7T~ 1 (TM) — ► 0, 

where the bundle morphisms p and 7 are defined respectively by p = {titm, d^) and 
j(u,v) = j u (v), where j u is the natural isomorphism j u : T nM ^M — > T u (T wm{v) M). 

Let V be a linear connection (or simply a connection) in the pullback bundle 
7r _1 (TM). We associate to V the map 

K : TTM — ► n-^TM) : X 1 — ► V x ^, 

called the connection (or the deflection) map of V. A tangent vector X £ T U (TM) 
is said to be horizontal if K(X) = . The vector space H U (TM) = {X £ T U (TM) : 
K(X) = 0} of the horizontal vectors at u £ TM is called the horizontal space to M 
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at u . The connection V is said to be regular if 

T U {TM) = V U {TM) © H U {TM) \/u G TM. 
If M is endowed with a regular connection, then the vector bundle maps 
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P\h(tm) 



K\ 



V(TM) 



7r _1 (TM) — ► V{TM), 
H(TM) — ► 7r _1 (TM), 
7(TM) — ► tT^TM) 



are vector bundle isomorphisms. Let us denote /3 = (p|#(ta/)) 1 , then 

a -j a J id H(TM) on H(TM) , . 

po/3 = zd 7r - 1(rM) , ^P=( onV (TM) (L1) 

1 2 

For a regular connection V we define two covariant derivatives V and V as follows: 
For every vector (l)7r-form A, we have 

(V A)(0X,0Y) := (Vfs 0X A)(0Y) , (V A)(0X,0Y) := (V 10X A)(0Y). 

The classical torsion tensor T of the connection V is defined by 

T(X, Y) = VxpY - V Y pX - p[X, Y] VX, Y G X(TM). 

The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors, denoted respectively by Q 
and T, are defined by 



Q(X,Y)=T(/3XI3Y), T(X,Y) = T(-yX,0Y) VX, Y G £(tt(M)). 
The classical curvature tensor K of the connection V is defined by 

K(X, Y)pZ = -VxVypZ + VyVxpZ + V [x ,Y]pZ VX,Y,Z G X(TM). 

The horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors, denoted respec- 
tively by R, P and S, are defined by 

R(X,Y)0Z = K(f3Xf3Y)0Z, P(X,Y)0Z = K(/5X, 7 F)0Z, S(X J Y)0Z = K( 7 X, 1 Y)0Z. 

We also have the (v)h-, (v)hv- and (v)v-torsion tensors, denoted respectively by R, 
P and S, defined by 

R(X, Y) = R(X, Y)0 V , P(X, Y) = P(X, Y)0r), S(X, Y) = S(X, Y)0 V . 

Theorem 1.1. [25] Let (M,L) be a Finsler manifold. There exists a unique regular 
connection V in 7r _1 (TM) such that 

(a) V is metric: Vg = 0, 

(b) The horizontal torsion o/V vanishes: Q = 0, 

(c) The mixed torsion T o/V satisfies g(T(X,Y), Z) = g(T(X, Z),Y). 
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Such a connection is called the Cartan connection associated to the Finsler man- 
ifold (M, L). 

One can show that the torsion T of the Cartan connection has the property that 
T(X,rj) = for all X G X(ir(M)) and associated to T we have: 

Definition 1.2. [25] Let V be the Cartan connection associated to (M,L). The 
torsion tensor field T of the connection V induces a n-tensor field of type (0,3), 
called the Cartan tensor and denoted again T, defined by : 

T(X,Y,Z) = g(T(X,Y),Z), for all X,Y,Z G X(TM). 

It also induces a it -form C, called the contracted torsion, defined by: 

C(X):=Tr{Yi — >T(X,¥)}, for all X G X(TM). 

Definition 1.3. [25] With respect to the Cartan connection V associated to (M,L), 
we have 

— The horizontal and vertical Ricci tensors Ric h and Rid" are defined respectively by: 

Ric h (X,Y) := Tr{Z i — ► R(X, ~Z)Y}, for all X,Y G X(TM), 
Ric v (X,Y) := Tr(Z i — ► S(X,Z)Y}, for all X,Y G X(TM). 

— The horizontal and vertical Ricci maps RiCq and Ric$ are defined respectively by: 

g(Ric%(X),Y) := Ric h (X,Y), for all X,Y eX(TM), 
g(Ric v (X),Y) := Ric v (X,Y), for all X,Y eX(TM). 

— The horizontal and vertical scalar curvatures Sc h , Sc" are defined respectively by: 

Sc h := TriRic h ), Sc v := Tr{Ric v ), 

where R and S are respectively the horizontal and vertical curvature tensors o/V. 

Proposition 1.4. [12] Let (M,L) be a Finsler manifold. The vector field G deter- 
mined by ic^l = —dE is a spray, called the canonical spray associated to the energy 
E, where E := \L? and Q := ddjE. 

One can show, in this case, that G = florj, and G is thus horizontal with respect 
to the Cartan connection V. 

Theorem 1.5. [26J Let (M,L) be a Finsler manifold. There exists a unique regular 
connection D in 7r _1 (TM) such that 

(a) D is torsion free, 

(b) The canonical spray G = (3orj is horizontal with respect to D, 

(c) The (v)hv-torsion tensor P of D vanishes. 

Such a connection is called the Berwald connection associated to the Finsler 
manifold (M, L). 
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2. Special Finsler spaces 

In this section, we introduce the global definitions of the most important and 
commonly used special Finsler spaces in such a way that, when localized, they yield 
the usual local definitions existing in the literature (see the Appendix). Here we 
simply set the definitions, postponing investigation of the mutual relationships be- 
tween these special Finsler spaces to the next section. The definitions are arranged 
according to the type of defining property of the special Finsler space concerned. 

Throughout the paper, g, </, V and D denote respectively the Finsler metric in 
7r _1 (TM), the induced metric in tt~ 1 (T*M), the Cartan connection and the Berwald 
connection associated to a given Finsler manifold (M, L). Also, T denotes the torsion 
tensor of the Cartan connection (or the Cartan tensor) and R, P and S denote 
respectively the horizontal curvature, the mixed curvature and the vertical curvature 
of the Cartan connection. 

Definition 2.1. A Finsler manifold (M,L) is: 

(a) Riemannian if the metric tensor g(x,y) is independent of y or, equivalently, if 

T(X,Y) = 0, forallX,YeX(<K(M)). 

(b) locally Minkowskian if the metric tensor g(x,y) is independent of x or, equiva- 

lently, if 

VpxT = and R = 0. 
Definition 2.2. A Finsler manifold (M,L) is said to be: 

(a) Berwald [23] if the torsion tensor T is horizontally parallel. That is, 

V /3T T = 0. 

(b) C h -recurrent if the torsion tensor T satisfies the condition 

V /3X T = A (X)T, 
where A D is a ir-form of order one. 

(c) P* -Finsler manifold if the n -tensor field V^T is expressed in the form 

VprjT = X(x,y)T, 

where X(x,y) = ?(V ^ 2 C ' C) = g(V/3 gf' 0C) and C 2 := g(C,C) = C(C) ^ 0; C 
being the ir -vector field defined by g(C,X) = C(X). 

Definition 2.3. A Finsler manifold (M, L) is said to be: 

(a) C v -recurrent if the torsion tensor T satisfies the condition 

(V^T)(Y,Z) = X (X)T(Y,Z). 

(b) C° -recurrent if the torsion tensor T satisfies the condition 

(D^T)(Y,Z) = \ (X)T(Y,Z). 
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Definition 2.4. [25] A Finsler manifold (M,L) is said to be: 

(a) semi-C -reducible if dimM > 3 and the Cartan tensor T has the form 

T(X,Y,Z) =-V—{h(X,Y)C(Z) + h(Y,Z)C(X) + h(Z,X)C(Y)}+ 
n+1 

+ ^C(X)C(Y)C(Z), 

where [i and r are scalar functions satisfying \i + r = 1, H = g — i® i and £(X) := 
L- x g(X,rf). 

(b) C-reducible if dimM > 3 and the Cartan tensor T has the form 

T(X,Y,Z) = : ^{h(X,Y)C(Z) + h(Y,Z)C(X) + h(Z,X)C(Y)}. 

(c) C2~like if dimM > 2 and the Cartan tensor T has the form 

T(X,Y,Z) = ±C(X)C(Y)C(Z). 

Definition 2.5. A Finsler manifold (M,L), where dimM > 3, is said to be quasi-C- 
reducible if the Cartan tensor T is written as : 

T(X,Y, Z) = A(X,Y)C(Z) + A(Y,Z)C(X) + A(Z,X)C(Y), 

where A is a symmetric indicatory (2) iv-form (A(X,rj) = for all X). 

Definition 2.6. [25] A Finsler manifold (M,L) is said to be: 

(a) S^-like if dim(M) > 4 and the vertical curvature tensor S(X, Y, Z, W) 

:= g(S(X, Y)Z, W) has the form : 

Q(f 

s(x, y, z, w) = - — — — -{h(x, z)h(Y, w) - h(x, w)h(Y, z)}. 

[n — l){n — 2) 

(b) S^-like if dim(M) > 5 and the vertical curvature tensor S(X, Y, Z, W) has the 

form: 

S(x,Y,z,W) =h(x,z)F(Y,W) - h(Y,z)F(x,W)+ 
+ h(Y,W)F(x,z) - h(x,W)F(Y,z), 

l Sc v h 

where F is the (2)ir-form defined by F = {Ric v ; -}. 

y ' J J y n-3 l 2{n-2) s 

Definition 2.7. A Finsler manifold (M,L) is said to be: 

(a) S v -recurrent if the v-curvature tensor S satisfies the condition 

(V 7 xS)(Y,Z,W) = X(X)S(Y,Z)W, 
where X is a n-form of order one. 

(b) S v -recurrent of the second order if the v-curvature tensor S satisfies the condition 

(VV S)(0Y,0X,Z,W,U) = e(X,Y)S(Z,W)U, 
where 6 is a n-form of order two. 
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Definition 2.8. [21] A Finsler manifold (M,L) is said to be: 

(a) a Landsberg manifold if 

P(X,Y) = P(X,Y)fj = VX, Y G X(vr(M)), or eqmvalently V m T = 0. 

(b) a general Landsberg manifold if 

Tr{¥ — ► P(X,Y)} = VI, G X(tt(M)), or eqmvalently V m C = 0. 

Definition 2.9. ^4 Finsler manifold (M, L) is said to be P -symmetric if the mixed 
curvature tensor P satisfies 

P(X,Y)Z = P(y,X)Z, V 0X,0Y,0Z G X(vr(M)). 

Definition 2.10. ^4 Finsler manifold (M,L), where dimM > 3, is said to be P2-like 
if the mixed curvature tensor P has the form: 

P(X, Y, Z, 0W) = a(Z)T(X, Y, 0W) - a(W) T(X, 0Y, Z), 

where a is a (1) n-form (positively homogeneous of degree 0). 

Definition 2.11. [22] A Finsler manifold (M,L), where dimM > 3, is said to be 
P-reducible if the it -tensor field P(X ,Y , Z) := g(P(X ,Y)rj, Z) can be expressed in 
the form : 

P(X,Y,Z) = 5(X)h(Y,Z) + 8(y)h(Z,X) + 8(Z)K(X,Y), 
where 5 is a (1) -K -form satisfying 5(07/) = 0. 

Definition 2.12. [2] A Finsler manifold (M,L), where dimM > 3, is said to be 
h-isotropic if there exists a scalar k Q such that the horizontal curvature tensor R has 
the form 

R(X, Y)Z = k {g{Y, Z)X - g(X, Z)Y}. 
Definition 2.13. [2] A Finsler manifold (M,L), where dimM > 3, is said to be: 

(a) of scalar curvature if there exists a scalar function k : TM — > M. such that 

the horizontal curvature tensor R(X, Y, Z, W) := g(R(X, Y)Z, W) satisfies the 
relation 

R(rj,X,rj,Y) = kL 2 h(X,Y). 

(b) of constant curvature if the function k in (a) is constant. 

Definition 2.14. A Finsler manifold (M,L) is said to be R^-like if dimM > 4 and 
the horizontal curvature tensor R(X, Y, Z, W) is expressed in the form 

R(X,Y,Z,W) =g(X,Z)F(Y,W) - g(Y,Z)F(X,W) + 
+ g(Y,W)F(X,Z) - g(X,W)F(Y,Z), 
where F is the (2)7r-form defined by F = ^{Ric h - J^zfy }- 
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3. Relationships between different types of special 
Finsler spaces 

This section is devoted to global investigation of some mutual relationships 
between the special Finsler spaces introduced in the preceding section. Some conse- 
quences are also drawn from these relationships. 

We start with some immediate consequences from the definitions: 

(a) A Locally Minkowskian manifold is a Berwald manifold. 

(b) A Berwald manifold is a Landsberg manifold. 

(c) A Landsberg manifold is a general Landsberg manifold. 

(d) A Berwald manifold is C h -recurrent (resp. P*-Finsler). 

(e) A P*-manifold is a Landsberg manifold. 

(f) A C-reducible (resp. C*2-like) manifold is semi-C-reducible. 

(g) A semi-C-reducible manifold is quasi-C-reducible. 

(h) A Finsler manifold of constant curvature is of scalar curvature. 

The following two lemmas are useful for subsequent use. 
Lemma 3.1. [25] For every 0X,0Y e X(ir(M)), we have: 

(a) P(0 V , 0X)0Y = 0, (b) P(0X,0 V )0Y = 0, (c) P(0X,0Y)0r l = (X7p 011 T)(0X,0Y). 

Lemma 3.2. J/0 is the vector re-form defined by 

(f)(0X) := 0X - L- l £(0X)07 ll or := I - L~H ® 07], (3.1) 
where £ is the re-form given by £(X) = L~ 1 g(X,fj), then we have: 

(a) h(0X,0Y) = g^(0X), Y), (6) 0( r/) = 0, (c)0o0 = ; 

(d) Tr((f>) = n - 1, (e)V /30X = O, (f) V^x h = 0. 

As we have seen, a Landsberg manifold is general Landsberg. The converse is 
not true. Nevertheless, we have 

Proposition 3.3. A C-reducible general Landsberg manifold (M,L) is a Landsberg 
manifold. 

Proof. Since (M,L) is a C-reducible manifold, then, by Definition 12.41 Lemma [3.21 
the symmetry of h and the non- degeneracy of g, we get 

T(0X, 0Y) = -^—{h(0X, 0Y)0C + C(0X)0( F) + C(0F)0(0X)}, 
n + 1 

where 0C is the 7r-vector field defined by g(0C, 0X) := C(0X). Taking the /i-covariant 
derivative V p z of both sides of the above equation, we obtain 

(V^z T)(0X, 0Y) = -l_{(V^ z h)(0X, 0Y)0C + h(0X, 0Y)Vp 0Z 0C + C(0X)(V^ z </>){0Y) + 
+(V /30Z C)(0X)0(0y) +C{0Y){Vp 0Z (j)){0X) + (V l30 zC)(0Y) ( f ) (0X)}, 

from which, by setting 0Z = 07/ and taking into account the fact that Vp z fr = and 
that Vp z = ( Lemma l3~2l) . we get 

(V^ T)(0X, 0Y) = -J—{h(0X, 0Y)Vfs 0v 0C+(V /30 „ C)(0X)0( F)+(V^ C) (0Y)<j>(0X)}. 
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Now, under the given assumption that the (M, L) is a general Landsberg manifold, 
then V/3 0ri C = (Definition 12. 8j) and hence V/3 0V 0C = 0. Hence V p 0v T = and the 
result follows. □ 

Also, a Berwald manifold is Landsberg. The converse is by no means true, 
although we have no counter-examples. Finding a Landsberg manifold which is not 
Berwald is still an open problem. Nevertheless, we have 

Proposition 3.4. [25] A C-reducible Landsberg manifold (M,L) is a Berwald 
manifold. 

Combining the above two Propositions, we obtain the more powerful result : 

Proposition 3.5. A C-reducible general Landsberg manifold (M, L) is a Berwald 
manifold. 

Summing up, we get: 

Theorem 3.6. Let (M, L) be a C-reducible Finsler manifold. The following assertion 
are equivalent: 

(a) (M, L) is a Berwald manifold. 

(b) (M, L) is a Landsberg manifold. 

(c) (M, L) is a general Landsberg manifold. 

We retrieve here a result of Matsumuoto [T5|, namely 

Corollary 3.7. If the h-curvature tensor R and hv-curvature tensor P of a C- 
reducible manifold vanish, then the manifold is Locally Minkowskian. 

Remark 3.8. [15] It may be conjectured that a Finsler manifold will be Minkowskian 
if the h-curvature tensor R and hv-curvature tensor P vanish. As above seen the 
conjecture is verified already under somewhat strong condition " C ' -reducibility" '. 

Theorem 3.9. Let (M,L) be a Finsler manifold. Then we have: 

(a) A C-reducible manifold is P -reducible. 

(b) A P -reducible general Landsberg manifold is Landsberg. 
Proof. 

(a) Since (M,L) is C-reducible, then by Definition 12.41 we have 

T(0X J0 Y J0 Z) = {fr( x,0F)C(0Z)}. 
n + 1 

Applying the /i-covariant derivative V ' p w on both sides of the above equation, taking 
into account the fact that (V p w T)(0X, 0Y, 0Z) = g((V/3 w T)(0X, 0Y), 0Z) and that 
V/3 w = 0, we obtain 

g((Va 0W T)(0X,0Y),0Z) = -^6 0X , 0Y , 0Z {h(0X,0Y)(Vf3 0W C)(0Z)}. 

From which, by setting 0W = 0r] and noting that P(0A, 0Y)0t] = {V/3 0v T)(0X, 0Y), 
the result follows. 
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(b) Since (M, L) is a P-reducible manifold, then by Definition 12. 1 H taking into 
account the fact that g is nondegenerate, we obtain 

P(0X, 0Y)0 V = 6{0X)<f>{0Y) + 5(0Y)<P(0X) + 0h(0X, 0Y) 0(, (3.2) 

where 0( is the 7r-vector field defined by g(0(,0X) := 5{fiX). 

Since 5(077) = 0, then Tr{0Y i — ► 5(0Y)<P(0X) + h(0X,0Y)0(} = 26{0X). Taking 
the trace of both sides of (ET21) . using the fact that P(0X, 0Y)0T] = (V^ T)(0X, 0Y) 
(Lemma EH) and that Tr{0Y i — ► (V m T)(0X,0Y)} = (V P0v C)(0X), we get 

8(0X) = -L.(y^C)(0X). (3.3) 
n + 1 

Now, from Equations (13.2p and ( 13. 3D . we have 

g(P(0X 1 0Y)0 V ,0Z) = -^G 0X ^ 0Z {h(0X 1 0Y)(V f s 0v C)(0Z)}. (3.4) 

According to the given assumption that the manifold is general Landsberg, then 
V^C = 0. Therefore, from (13.41) . we get P(0X, 0Y)0r] = and hence the manifold 
is Landsberg. □ 

Proposition 3.10. 

(a) A C h -recurrent manifold is a P*-Finsler manifold. 

(b) A general Landsberg P* -Finsler manifold is a Landsberg manifold. 

Proof. The proof is straightforward and we omit it. □ 

Proposition 3.11. A C2-like Finsler manifold is a Berwald manifold if, and only if, 
the it -tensor field C is horizontally parallel. 

Proof. Let (M, L) be C 2 -like. Then, T(0X,0Y,0Z) = ^ U) C(0X)C(0Y)C(0Z), 
from which T(0X,0Y) = c ^ c ^ C(0X)C(0Y ) 0C. Taking the /i-covariant derivative of 
both sides, we get 

(Vp 0Z T)( X,0Y) = ~ V ^ 0C) C{0X)C{0Y)0C + ^—(y p0Z C)(0X)C(0Y)0C + 
+-^){V P0Z C){0Y)C{0X)0C + ^-C{0X)C{0Y)V P0Z 0C. 

In view of this relation, V/3 z T = if, and only if, V ( a z C = 0. Hence the result. □ 
Corollary 3.12. A C2-like general Landsberg manifold is a Landsberg manifold. 

In view of the above Theorems, we have: 

Corollary 3.13. The two notions of being Landsberg and general Landsberg coincide 
in the case of C-reducibility, P-reducibility, Ci-liheness or P* -Finsler. 

As we know, a C-reducible Landsberg manifold is a Berwald manifold (Proposi- 
tion (23). Moreover, A C*2-like Finsler manifold is a Berwald manifold if, and only 
if, the 7r-tensor field C is horizontally parallel (Proposition 13.111) . We shall try to 
generalize these results to the case of semi-C-reduciblity. 
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Theorem 3.14. A semi-C -reducible Finsler manifold is a Berwald manifold if, and 
only if, the characteristic scalar \x and the n '-tensor field C are horizontally parallel. 

Proof. Firstly, if (M, L) is semi-C-reducible, then 
T( X,0Y,0Z) = -V—& 0X0Y0Z {h(0X,0Y)C(0Z)} + —^C(0X)C(0Y)C(0Z). 

Taking the /i-covariant derivative of both sides, noting that Vp xfo = 0, we get 
(Vp 0W T)(0X,0Y,0Z) = -^e 0X!0 Y !0Z {h{0X,0Y){^{Vp 0W C){0Z) + {Vp 0Wf i)C{0Z)}} 

+^& x, yM(y^wC)(0X)C(0Y)C(0Z)}- 
_ { YM^_ + Zl^^l }C {0X)C{0Y)C{0Z). 

Now, if the characteristic scalar /i and the 7r-tensor field C are horizontally par- 
allel, then Vp wT = and (M, L) is a Berwald manifold. 

Conversely, if (M, L) is a Berwald manifold, then Vp xT = and hence V p xC = 
0, V/30X0C = 0. These, together with the above equation, give 

1 ~ „ , „ ~, 1 



I30W 



fi{—^& 0X , 0Y ,0z{H0X,0Y)C(0Z)} - —C(0X)C(0Y)C(0Z)} = 



n + l C 



which implies immediately that Vp wH = 0. □ 

The following lemmas are useful for subsequent use 
Lemma 3.15. For all X,Y E X(tt(M)), we have: 

a) [ 7 X, 7 F]=7(V 7X F-V 7F X) 

b) [jX, 0Y] = - 7 (P(F, X)rj + V^X) + (3{ W^Y - T(X, ¥)) 

c) \J3X, 0Y] = 7 ( J R(X, Y)r)) + /3( V^F - Vp Y X) 

Lemma 3.16. For all 0X,0Y,0Z,0W e X(tt(M)) and W G I(TM), we ftave: 

a) g((V w T)(0X,0Y),0Z) = g((V w T)(0X,0Z),0Y), 

b) ^(5(0X,0y)0Z,0iy) = -g(S(0X,0Y)0W,0Z). 
Proof. 

a) From the definition of the covariant derivative, we get 

g((V w T)(0X, 0Y), 0Z) = g(V w T(0X, Y), Z) - g(T(V w 0X, 0Y), Z)- (3 5) 

-g(T(0X,V w 0Y),0Z). 

Now, we have 

g(V w T(0X, 0Y), 0Z) = W- g{T(0X, 0Y), 0Z) - g{T(0X, 0Y), V w 0Z) 

= W ■ g(T(0X, 0Y), 0Z) - g(T(0X J V w 0Z), 0Y), 

Similarly, 

g{T{0X, V W 0Y), 0Z) = W- g(T(0X, 0Z), 0Y) - g{V w T{0X, 0Z), 0Y). 

Substituting these two equations into (I3.5p . noting the property that g{T{V w 0X, 0Y), 0Z) 
= g(T(V w 0X,0Z),0Y) (cf. §1), the result follows. 

(b) follows directly from the general formula (which can be easily proved) 

g(K(X, Y)0Z, 0W) + g(K(X, Y)0W, 0Z) = 
by setting X = 70X and Y = ^0Y, where K is the classical curvature tensor of the 
Cartan connection as a linear connection in the pull-back bundle (cf. §1). □ 
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Proposition 3.17. Let (M, L) be a C h -recurrent Finsler manifold (Vp xT = X o (0X)T). 
Then, we have: 

(a) If K := A o (0?7) = 0, then the hv-curvature tensor P is expressed in the form: 

P(0X, 0F, 0Z, 0W) = \o(0Z)T(0X, 0Y, 0W) - X o (0W)T(0X, 0Y, 0Z) 
and the (v)hv-torsion P vanishes. 

(b) If K a ^ 0, then the v(hv) -torsion tensor P is recurrent: 

{Vp 0Z P)(0X,0Y) = (X o (0Z) + ^^)P( X,0Y). 

Proof. 

(a) The /w-curvature tensor P can be written in the form [25] : 

P(0X, 0Y, 0Z, 0W) = g((Vp 0Z T)(0X,0Y),0W) - g((Vp 0W T)(0X,0Y),0Z)+ 

+g{T{0X, 0Z),P{ W, 0Y)) - g(T{0X, W),P{0Z, 0Y)). 

Then, by using P(0X,0Y) = (V p 0v T)(0X,0Y) (Lemma 13. ip and the C h -recurrence 
condition, we get 

P(0X, 0Y, 0Z, 0W) = A o (0Z)T( X, 0Y, 0W) - X o {0W)T(0X, Y, 0Z)- 

-X o ( r ] ){g(T(0X, 0W), T( Y, 0Z)) - g(T(0X, 0Z),T(0Y, 0W))} 
= X o (0Z)T(0X, 0Y, 0W) - X o (0W)T(0X, Y, 0Z) - X o (0rj)S(0X, 0Y, 0Z, 0~W). 

Now, if A o (0?7) = 0, then (a) follows from the above relation. 

(b) If K := X o (0r]) 0, then by Lemma [3.11 and the recurrence condition, we have 

P(0X,0Y) = K o T(0X,0Y), 

from which 

(Vp 0Z P)(0X,0Y) = {Vp 0Z K o + K o X o ( Z)}T(0X,0Y). 
Then, (b) follows from the above two equations. □ 

Theorem 3.18. Assume that (M, L) is C h -recurrent. Then, the v-curvature tensor S 
is recurrent with respect to the h-covariant differentiation : V p xS = 6{0X)S , where 
9 is a ir-form of order one. 

Proof. One can easily show that : For all X, Y, Z E X(TM) , 

&x,y, Z {K(X, Y)pZ + V X T(Y, Z) + T(X, [Y, Z])} = 0. 
Setting X = 70X, Y = r y0Y and Z = (30Z in the above equation, we get 

S(0X,0Y)0Z = V 70Y T(0X,0Z) - V 10X T{0Y,0Z) - V^T( 7 0X, 7 0Z) - 

-T(j0X, [j0Y, (30Z\) + T( 7 0F, [70X, P0Z}) + T([ 7 0X, 70Y], (30Z). 

Using Lemma [3.151 and the fact that T( 7 0X, 7 0Z) = 0, the above equation reduces 
to 

S(0X,0Y) Z = (V 70 yT)( X,0Z) - (V 70 xT)(0F,0Z)+ (3 6) 

+T(0X, T( F, 0Z)) - T( y, T(0X, 0Z)). 
From which, since g(T(0X, 0Y), 0Z) = g(T(0X, 0Z), Y), we have 
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g(S(0X, 0Y) Z, 0W) = g((V 10Y T)(0X,0Z),0W) - g((V 10X T)(0Y,0Z),0W)+ 

+g(T(0X, 0W),T(0Y, 0Z)) - g{T{0Y, 0W), T(0X, 0Z)). 

Similarly, 

g(S(0X J 0Y)0W, 0Z) = ^((V 70 yT)( X, W), 0Z) - g((V 10X T)(0Y J W), 0Z)+ 

+g(T(0X, 0Z),T(0Y, 0W)) - g(T(0Y, 0Z),T(0X, 0W)). 
The above two equations, together with Lemma [3.161 yield 

g((V 10X T)(0Y,0Z),0W) = g{{V^ Y T){0X,0Z),0W). (3.7) 

By (13.61) and (13. 7p . we obtain 

S{0X, 0Y, 0Z, 0W) = g{T{0X, 0W),T{0Y, 0Z)) - g(T( Y, 0W),T(0X, 0Z)). (3.8) 

Now, using the given assumption that the manifold is C h -recurrent, Equation 
(13. 8p implies that 

iy P0 xS)(0Y } 0Z, 0V, 0W) = Vf3 0X S(0Y, 0Z, 0V, 0W) - 

-S(V(i 0X 0Y, 0Z, V, 0W) - S(0Y : V P0X 0Z, 0V, 0W) - 
-S{0Y, 0Z, V^ 0X 0V, 0W) - S(0Y, 0Z, 0V, V P0X 0W). 

= +Vp 0X g{T{0Y, 0W),T(0Z, V)) - Vp 0X g(T(0Z, 0W),T( Y, 0Vj) - 
-g{T{V P0X 0Y,0W) ) T{0Z,0V))+g{T{0Z,0W) ) T{V P0X 0Y,0V)) - 
-g{T{0Y,0W),T(Vp 0X 0Z,0V))+g(T{V^ x 0Z,0W),T{0Y,0V)) - 
-g(T(0Y,0W),T(0Z, V 00X 0V)) + g(T(0Z,0W),T(0Y,V P0X 0V)) - 
-g(T(0Y, Vf3 0X 0W),T(0Z, V)) + g(T(0Z, V ^ x 0W),T(0Y, 0V)). 

= g((V p 0X T)(0Y,0W),T(0Z,0V)) + g(T(0Y,0W), {V p 0X T){0Z,0V)) - 
-g((V 00X T)(0Z, 0W),T( Y, V)) - g(T( Z, W), {V P0X T){0Y, 0V)). 

= 2X O (0X)S(0Y, 0Z, 0V, 0W) =: 8(0X)S(0Y, 0Z, 0V, 0~W). 

Hence, the result follows. □ 

Corollary 3.19. In the course of the proof of Theorem I3.18|, we have shown that 
(Equations (jST} and <^M>) : 

(a) (V, 0X T)( Y,0Z) = (V 70 yT)(0X, Z) ; 

(b) S(0X,0Y,0Z,0W) = g(T(0X,0W),T(0Y,0Z))-g(T(0Y,0W),T(0X,0Z)). 

Corollary 3.20. Let (M,L) be a C2-like Finsler manifold. Then the the v-curvature 
tensor S vanishes. 

Proof. Substituting T(0X,0Y) = ^ U) C(0X)C(0Y)0C in Corollary E|b), we 
get the result. □ 

Corollary 3.21. Let (M,L) be a C-reducible manifold. Then, 
(a) the v-curvature tensor S has the form 

s(0X, r, 0Z, 0W) = 1 {c 2 h(0X, 0W)h(0Y, 0Z) - c 2 h(0Y, 0W)h(0X, 0Z) + 

[n + L) 

+h(0X, 0W)C(0Y)C(0Z) + h(0Y, 0Z)C(0X)C(0W) - 
-h(0Y,0W)C(0X)C(0Z) - h(0X,0Z)C(0Y)C(0W)}. 
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(b) the vertical Rice tensor Ric v has the form 

Ric v ( X,0Y) = ^-^ 2 C{0X)C{0Y) -^^- 2 C 2 h(0X,0Y). 

(c) the vertical scalar curvature Sc v has the form 

(n + 1) 

Theorem 3.22. A Finsler manifold (M,L) is P-Symmetric if, and only if, the 
v-curvature tensor S satisfies the equation S = 0. 

Proof. One can show that: For all 1,7,^6 X(TM), 

&xxz{V z K(X, Y) - K(X, Y)V Z - K([X, Y],Z)} = 0. (3.9) 

Setting X = 70X, Y = ^0Y and Z = (30Z in the above equation, we get 

Vp 0Z S(0X, 0Y)0W + V 70 yP(0Z, 0X)0W - V 10X P(0Z, 0Y)0W- 

-S(0X, 0Y)V P0Z 0W + P(0Z, 0Y)V 10X 0W - P(0Z, 0X)V 10Y 0W- 

-KQ70X, 70Y], f30Z)0W - KQ70Y", f]0Z},j0X)0W - K([P0Z, j0X],j0Y)0W = 0. 

By using Lemma 13.151 the above relation reduces to 

{V P0Z S){0X, 0Y,0W) + (V 70 yP)(0Z, 0X,0W) - (W 70X P)(0Z, 0Y, W)+ 
+S(P(0Z, 0Y)0rj, 0X)0W - S(P(0Z, 0X)0r] 7 0Y)0W+ (3.10) 
+P(T(0Y, 0Z), 0X)0W - P(T(0X, 0Z), 0Y)0W = 0. 

Setting 0Z = 0rj in the above equation, taking into account Lemma [3. II and the fact 
that T(0X, 077) = and that (V 70X P)(077, 0Y, 0Z) = -P(0X, 0Y)0Z, we get 

P(0X, Y)0Z = P{0Y,0X)0Z - (V ■p 0n 3){0X i 0Y,0Z). (3.11) 

The result follows immediately from (13.111) . □ 

According to (13. lip and Lemma 13.11 we have : 

Corollary 3.23. LetP(0X,0Y) := P(0X,0Y)0T] andf(0X,0Y) := ( V p m T) (0X, 0Y ) . 
Then the ir-tensor fields P and T are symmetric. 

Theorem 13.181 and Theorem 13.221 give rise the following result. 

Theorem 3.24. Assume that a Finsler manifold (M,L) is C h -recurrent and P- 
symmetric. If 6(07]) ^ 0, then the v-curvature tensor S vanishes identically. 

Now, we shall prove the following lemma which provides some important and 
useful properties of the torsion tensor T and the v-curvature S : 

Lemma 3.25. For every 0X,0Y,0Z and 0W e X(tt(M)), we have 

(a) T(0X,0Y) =T( Y,0X), 

(b) T(0 V , X) = O, 

(c) & 0X:0Yi0Z S(0X, 0Y)0Z = 0, 
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(d) g(S(0X, 0Y)0Z, 0W) = g(S(0Z, 0W)0X, 0Y), 

(e) S(0 V , 0X)0Y = = S(0X, V )0Y, 

(f) (W 10X S)(0r l ,0Y)0Z = -S(0X,0Y) Z, (V 70 xS)(0r/, 0X)0r 1 = . 

(g) S(0X, Y)0Z = -±{(D^T)(Y,Z) - (D j7 T)(X,Z)}^ 

Consequently, S vanishes if and only if (D^T)(Y, Z) = (D yT)(X, Z). 

Proof. 

(a) From Corollary 13. 19( a) . we have 

(V 70 xT)(0F,0Z) = (V 70 yT)( X, Z). 

Setting 0Z = 0r\ and using the fact that T(0X,0rj) = and that Koj — idx( n (M)), 
the result follows. 

(b) Follows from (a) together with the relation T(0X,0r]) = 0. 

(c) Setting X = 70X, Y = 70F and Z = 70Z in (13. 9p and using Lemma 13.151 we 

g6t & x,0yM^i0xS)(0Y, 0Z, 0W) = 0. 

Again, setting 0W = 0rj in the above equation and using the fact that S(0X, 0Y)0rj = 
and that K 07 = id^MM)) 1 the result follows. 

(d) Follows from Corollary 13. 19( b) . noting that T is symmetric. 

(e) and (f) are clear. 

(g) From the relation D^0Y = V^Y - T(0X, 0Y) [27], we get 

(D jY T)(0Y, 0Z) = (V 7X T)( F, 0Z)-T{0X, T{0Y, Z))+T(T(0X, 0Y), Z)+T(0Y, T(0X, 0Z)), 

(D jY T)(0X, 0Z) = (V 7F T)( X, 0Z)-T{0Y, T{0X, 0Z))+T(T( Y, X), 0Z)+T( X, T( F, 0Z)). 

The result follows from the above two equations, using Corollary 13.191 and the sym- 
metry of T. □ 

As a direct consequence of the above lemma, we have the 
Corollary 3.26. A P2-like Finsler manifold is P -symmetric. 

Proposition 3.27. Assume that (M,L) is C v -recurrent. Then, the v-curvature ten- 
sor S is v-recurrent: V 10 xS = ^(0X)S, ^ being a (l)ii-form. Consequently, S 
vanishes identically. 

Proof. Taking the -u-covariant derivative of both sides of the relation in Corollary 
13.19( b) and, then, using the assumption that V = ^o{X)T, we get 

(V 70X S)(0F,0Z, 0V,0W) = 2X O (0X)S(0Y,0Z,0V,0W) =: ^(0X)S(0Y,0Z, V,0W), 

which shows that S is w-recurrent. 

Now, setting 0V = 0rj in the last equation, using the properties of S and noting 
that K 07 = idx(n(M)), we conclude that S = 0. □ 

The following result gives a characterization of Riemannian manifolds in terms 
of C^-recurrence and C°-recurrence. 

Theorem 3.28. 
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(a) A C v -recurrent Finsler manifold is Riemannian, 

(b) A C° ' -recurrent Finsler manifold is Riemannian. 

Proof, (a) Since (M, L) is C-recurrent, then (V 7 ^T)(F,Z) = X (X)T(Y,Z), from 
which, by setting 0X = 0r) and noting that V 70r? T = — T, we get 

T(Y,Z) = -\ (r})T(Y,Z)- (3-12) 

But since (V 10X T)(0Y, 0Z) = (V 70 yT)(0X, 0Z) (CorollaryEH, then X o (0X)T(0Y, 0Z) = 
X o (0Y)T(0X,0Z). Hence, 

\ o (rj)T(7,Z) = 0. (3.13) 

Then, the result follows from (13.121) and (I3.13p . 
(b) can be proved similarly. □ 

Theorem 3.29. For a Finsler manifold (M,L), the following assertions are 
equivalent : 

(a) (M,L) is S v -recurrent. 

(b) The v-curvature tensor S vanishes identically. 

(c) (M, L) is S v -recurrent of the second order. 
Proof. 

(a) (b) : If (M,L) is ^"-recurrent, then by Definition 12.7( a) we have 

(V 70Ty S)(0X, 0Y, 0Z) = \(0W)S(0Y, 0X)0Z, 

from which, by setting 0Z = 0r], taking into account the fact that S(0X, 0Y)0r\ = 
and that Koj = id w -i(TM), the result follows. 

(b) (a) : Trivial. 

(b) =^ (c) : Trivial. 

(c) (b) : If the given manifold (M, L) is S^-recurrent of the second order, then 
by Definition 12.7( b) we get 

6(0X, 0Y)S(0Z, 0V)0W = (VV S)(0Y, 0X, 0Z, 0V, 0W) 

= V 70 y(V 70X 5)(0Z, V,0W) - (V^^ 0Y0X S)(0Z,0V,0W)- 

-(V 70 xS)(V 70 y0Z, V, 0W) - (V 70 x^)(0^, V 70 y0V, 0W)- 

-(V 70 x^)(0Z, 0V,W 10Y 0W). 

By substituting 0Z — 0r) — 0W in the above equation and using Lemma 13.251 and the 
fact that S(0X, 0Y)0rj = 0, we get 

S(0X, 0Y)0Z = -S(0Z, 0Y)0X and S(0X, 0Y)0Z = -S(0X, 0Z)0Y. 

From this, together with the identity Spx&Y&zSfaX, 0Y)0Z = 0, the v -curvature 
tensor S vanishes identically. □ 

In view of the above theorem we have : 
Corollary 3.30. 
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(a) An S v -recurrent {resp. a second order S v -recurrent) manifold (M,L) is S 3 -like, 

provided that dimM > 4. 

(b) An S v -recurrent {resp. a second order S v -recurrent) manifold (M,L) is S^-like, 

provided that dimM > 5. 

Theorem 3.31. If (M,L) is a P2-like Finsler manifold, then the v-curvature tensor 
S vanishes or the hv-curvature tensor P vanishes. In the later case, the h-covariant 
derivative of S vanishes. 

Proof. As (M, L) is P 2 -like, then P(X, F, fj, 0W) = a(fj)T(X, F, 0W) =: a T(X, F, 0W) 
and hence 

P(0X,0Y) =a T(X,Y). (3.14) 
Now, setting 0W = 0r\ into (13.101) . we get 

(V 70 yP)(0Z, 0X) - (V 70X P)(0Z, 0Y) - P(0Z, 0X)0Y + P{0Z, 0Y)0X- 
-P(T(0X, 0Z), 0Y) + P(T( Y, 0Z), 0X) = 0. 

Hence, 

g{{V 10Y P) (0Z, 0X), 0W) - g((V 10X P) {fiZ, 0Y) , 0W) - P{0Z, 0X, 0Y, 0W)+ 
+P(0Z, 0Y, 0X, 0W) - g(P{T(0X, 0Z), 0Y), 0~W) + g(P(T(0Y, 0Z), 0X), 0~W) = 0. 

From which, together with (I3.14p and Definition 12. 101 taking into account the relation 

(V 70 yP)(0Z,0X) = (V 70 y« o )T(0Z,0X) + a o (V 70 yT)(0Z,0X), we obtain 

£((V 70 ya o )T(0Z, 0X) + a o (V 70 yT)( Z, 0X), 0W) - gjAV^xa o )T(0Z, 0Y) + 
+a o (y^ x T)(0Z,0Y), 0W) + a{X)T(Z, F, 0W) - a(W) T(Z, 0Y, X) - a(Y)T(Z, X, 0W) 
+a{W) T(X, 0Y, Z) - g{a o T{T{0X, 0Z), 0Y), 0W) + g{a o T{T{0Y, 0Z), 0X), W) = 0. 

Therefore, using Corollary 13.191 

(V 70 ya)(0r/)T(0X, 0Z, 0W) - (V J0X a)(0r l )T(0Y, 0Z, 0W) = a o S(0X, 0Y, 0W, 0Z). 

It is to be observed that the left-hand side of the above equation is symmetric in 
the arguments 0Z and 0W while the right-hand side is skew-symmetric in the same 
arguments. Hence we have 

a o S(0X, 0Y, 0W, 0Z) = 0, (3.15) 

e(0Y)T(0X, 0Z, 0W) - e(0X)T(0Y, 0Z, 0W) = 0, (3.16) 

where e is the 7r-form defined by e(0Y) := (V 70 ya)(0?7). 

Now, lie ^ 0, it follows from (13.161) that there exists a scalar function T such that 
T(0X 1 0Y,0Z) = Te(0X)e(0Y)e(0Z). Consequently, T(0X,0F) = T e(0X)e(0Y)0e, 
where g(0e,0X) := e(0X). From which 

S(0X, 0Y, 0Z, 0W) = g{T{0X, 0W), T(0Y, 0Z)) - g(T( Y, 0W),T( X, 0Z)) 

= T e(0X)e(0Y)e(0Z)e(0W)g(0e,0e) - T e(0X)e(0Y)e(0Z)e(0W)g(0e, 0e) = 0. 

On the other hand, if the w-curvature tensor S ^ 0, then it follows from (I3.15P 
that e = and a(0r]) = 0. Hence, a = and the ft/u-curvature tensor P vanishes. In 
this case, it follows from the identity (13.101) that \7/3 xS = 0. □ 
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Proposition 3.32. A P 2 -like Finsler manifold (M,L) is a P* -Finsler manifold. 

Proof. As (M, L) is P 2 -like, then from (jSHJ) , we have P(X,Y) = a T(X,Y). Using 
Lemma I3TT1 we get (V/3 07? T) (0X, 0Y) = aoT(0X, 0Y), from which, by taking the trace, 
V^C = a T, where a = ^Zig^£l_ Hence the result. □ 

The next definition will be useful in the sequel. 

Definition 3.33. A ir-tensor field is positively homogenous of degree r in the 
directional argument y (symbolically, h(r)) if it satisfies the condition 

V^e = r9, or D lTl Q=rQ. 
Lemma 3.34. Let (M , L) be a Finsler manifold, then we have 

(a) The Finsler metric g (the angular metric tensor h) is homogenous of degree 0, 

(b) The v-curvature tensor S is homogenous of degree —2, 

(c) The hv-curvature tensor P is homogenous of degree —1, 

(d) The h-curvature tensor R is homogenous of degree 0, 

(e) The (h)hv-torsion tensor T is homogenous of degree —1, 

(f) The (v)hv -torsion tensor P is homogenous of degree 0, 

(g) The (v)h-torsion tensor R is homogenous of degree 1. 
Lemma 3.35. For every vector (l)7r-form A, we have 

(VV A)(0X, 0Y, 0Z) - (VV A)(0Y, 0X, 0Z) = A(R( X, 0Y)0Z) - R( X, 0Y)A{0Z)+ 

+(V y n {0X , 0Y) A)(0Z). 

Deicke theorem [1] can be formulated globally as follows: 

Lemma 3.36. Let (M, L) be a Finsler manifold. The following assertions are 
equivalent: 

(a) (M, L) is Riemannian, 

(b) The (h)hv-torsion tensor T vanishes, 

(c) The 7r-form C vanishes. 

Theorem 3.37. Let (M, L) be Finsler manifold which is h-isotropic (of scalar ko) 
and C h -recurrent (of recurrence vector Ao). Then, (M,L) is necessarily one of the 
following: 

(a) A Riemannian manifold of constant curvature, 

(b) A Finsler manifold of dimension 2, 

(c) A Finsler manifold of dimensions n > 3 with vanishing scalar k and 

(V/3 xA o )(0y) = (V (30Y Xo)(0X). 



19 



Proof. For a C^-recurrent manifold, one can easily show that 

( V V T) (0X, 0Y, 0Z, 0W) - ( V V T) (0Y, X, 0Z, 0W) = 
= {(V /30 xA o )(0F) - (V /30 yA o )(0X)}T(0Z, iy) =: *(0X, 0Y)T( Z, W). 

From which, taking into account Lemma 13.351 we obtain 

VfrX, 0Y)T(0Z, 0W) = T(R(0X, 0Y)0Z, W) + T(0Z, R(0X, 0Y)0W)- 

-R( X, Y)T(0Z, 0W) + (V 7 £ (0Xi0y) T)(0Z, 0W). 

Now, as (M, L) is /i-isotropic of scalar fc , then the /i-curvature tensor R has the form 

R(0X, 0Y)0Z = k o {g{0X, 0Z)0Y - g{0Y, 0Z)0X} ; (n > 3). 

From the above two equations, we get 

*(0X, 0Y)T(0Z, 0W) = k o g(0X, 0Z)T(0Y, 0W) - k o g(0Y, 0Z)T(0X, 0W) + k o g(0X, 0W)T(0Z, 0Y)- 

-k o g{0Y, 0W)T{0Z, 0X) - k o g{0X, T{ Z, 0W))0Y + k o g{ Y, T{ Z, 0W))0X 
+k o g(0X, 0r/)(V 70 yT)( Z, 0W) - k o g( Y, 0rj) ( V^ 0X TM0Z W) . 

Setting 0Y = 0rj, noting that T is h(—l) and g(0r], 0rj) = L 2 , we get 

V(0X, 0v)T(0Z, 0W) = -k o g(0rj, 0Z)T{0X, 0W) - k o g(0rj, 0W)T(0Z, 0X) - k o T(0X, 0Z, 0W)0r] - 

-k o g(0X,0r])T(0Z,0W) - k o L 2 (V 10X T)(0Z,0W). 

From which, we have 

g(0Y, 0T])^(0X, 0rj)T(0Z, 0W) = -k o g(0Y, 0r})g{0rj, 0Z)T(0X, 0W) - k o g(0Y, 0r})g{0rj, 0W)T(0Z, X)- 

-k o g{0Y, V )T{0X, 0Z, 0W)0T) - k o g{0Y, 0r))g{0X, 0T])T{0Z, 0W)- 
-koL 2 g(0Y,0 V )(V 10X T)(0Z,0W), 

(3.I8J 

whereas 

g(0X, 07 1 )m{0Y ) 0r])T(0Z, 0W) = -k o g(0X, 0ri)g{0r), 0Z)T(0Y, 0W) - k o g(0X, 0r})g{0r}, 0W)T(0Z, Y)- 

-k o g(0X : 0r))T(0Y, 0Z, 0W)0r] - k o g(0X, ffifigfrY, 0r))T(0Z, W)- 
-k o L 2 g(0X,0 V )(V 10Y T)(0Z 1 0W). 

(3.iyj 

Now, from fIBTTTD . fl3TT8|) and (15391) . we obtain 

T{0Z, 0W){L 2 V{0X, 0Y) - g{0Y, 0])V(0X, 0r)) + g(0X, 0rj)*(0Y, V )} = 

= ii x,0Yk o L 2 {h(0X, 0Z)T(0Y, 0W) + H(0X, 0W)T(0Y, 0Z) - <j>{$Y) T( X, 0Z, 0W)}. 

Taking the trace of both sides of the above equation, we get 

C(0Z){L 2 ^( X, 0Y) - g(0Y, V )V(0X, V ) + g( X, V )V(0Y, V )} = 

= 2k o L 2 {h{0X,0Z)C{0Y)-h{0Y,0Z)C{0X)}. { ' ' 

Setting 0Z = 0(7, taking into account the fact that h( X, C) = C( X), the above 
equation reduces to 

C(0C){L 2 ^(0X, 0Y) - g{0Y, 0rj)V(0X, 0rf) + g(0X, 0r})V{0Y, 0r})} = 0. 
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Now, if C{fiC) = g(0C,0C) = 0, then 0(7 = and so C = 0. Consequently, by 
Lemma [3.361 (M,L) is a Riemannian manifold of constant curvature. 
On the other hand, if (M, L) is not Riemannian, then we have 



L 2 ^(0X, 0Y) - g(0Y, 0T))^(0X, 07]) + g(0X, 07])^(0Y, 0rf) = 0. 
From which, together with (I3.20p . we get 

k o {h(0X, 0Z)C(0Y) - h(0Y, 0Z)C(0X)} = 0. (3.21) 

If k ^ 0, then, by (jXm h{fiX, 0Z)C(0Y) = h{pY, 0Z)C{0X). Setting 0Y = 0C, 
we get h(0X,0Z) = -^C(0X)C(0Z), which implies that dimM = 2. 

If k = 0, then R = and fl3TTD yields ^(0X,0F) = 0, which means that 
(V^ xA o )(0y) = (V^ yA o )(0X). □ 

Now, we focus our attention to the interesting case (c) of the above theorem. In 
this case, the /z-curvature tensor R = and hence the (v)/z-torsion tensor R = 0. 
Therefore, the equation (deduced from (13.91) ) 

(y i&x R)(0Y } 0Z } 0W) + (V /30 yP)(0Z,0X,0W) - (Vf3 0Z P)(0Y,0X,0W)- 
-P(0Z, P(0Y, 0X)0r])0W + R(T(0X, 0Y), 0Z)0W - S(R(0Y, 0Z)0% 0X)0W+ 
+P(0Y, P(0Z, 0X)0T])0W - R(T(0X, 0Z), 0Y)0W = 0. 

reduces to 

(Vp 0Y P)(0Z,0X J 0W) - (Vf, 0Z P)(0Y,0X,0W)- 
-P(0Z, P(0Y, 0X))0W + P(0Y, P(0Z, 0X))0W = 0. 

Setting 0W = 07], we get 

(V /30 yP)(0Z, 0X) - (V(, 0Z P)(0Y, 0X) - P(0Z, P(0Y, 0X)) + P(0Y, P(0Z, 0X)) = 0. 

(3.22) 

Since (M,L) is C^-recurrent, then, by Proposition 13.171 the (u)/iv-torsion tensor 
P satisfies the relations (Vp 0Z P)(0X, 0Y) = (K o X o (0Z) + X? P0Z K o )T(0X, 0Y) and 
P(0X,0Y) = X O {07])T{0X,0Y) = K o T(0X,0Y). From these, together with (13T321 . 
we get 

(K o X o (0Y) + V P0Y K o )T(0Z, 0X) - (K o \ o {0Z) + Vp 0Z K o )T(0X, Y)- 
-K 2 O T( Z, T( X, 0Y)) + K 2 o T(0Y, T(0X, 0Z)) = 0. 

Hence, by Corollary 13.191 

K 2 o S(0Y, Z, 0X, 0W) = %y, 0Z {(K o \ o (0Y) + V f30Y K o )T(0X 1 0Z, 0W)}. 

As S( Y, 0Z, 0X, 0W) is skew-symmetric in the arguments 0X and 0W while the 
right-hand side is symmetric in the same arguments, we obtain 

K 2 o S(0Y, 0Z, 0X, 0W) = 0, (3.23) 

%y, z{{K o \ o {0Y) + V P0Y K o )T(0Z, 0X, 0W)} = 0. (3.24) 
It follows from (13.231) and () that 
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P(0X, 0Y, 0Z, 0W) = A o (0Z)T( X, Y, 0W) - \ o (0W)T( X, 0Y, 0Z). 

On the other hand, if K ^ 0, then the f-curvature tensor S vanishes from (13.231) . 
Next, it is seen from fl3T2ij) that, if V( Y") := K o X o (0Y) + Wp 0Y K o ^ 0, then there 

exists a scalar function T - W,0Z,0\V)T(0X,0Y,0Z)T(0Y,0Z,0W) , . 
exisxs a scalar iunction i — (t(0X,0Y,0W)) 2 (v(0Z)) 3 sucn max 

T(0X,0Y,0W) = TV(0X)V(0F)V(0l^). 

Summing up, we have 

Theorem 3.38. Let (M, L) be a Finsler manifold of dimensions n > 3. // (M, L) is 
h-isotropic and C h -recurrent, then 

(a) the recurrence vector X Q satisfies: (V /3 xX o )(0Y) = (V / 3 yA o )(0X), 

(b) the /i-curvature tensor R = and the (w)/?,-torsion tensor R = 0, 

(c) the /if-curvature tensor P has the property that 

P(0X, 0Y, 0Z, 0W) = X o (0Z)T(0X J 0Y, 0W) - X o (0W)T(0X 1 F, 0Z), 

(d) the (v) hv -torsion tensor P( X, 0Y) = K o T(0X,0Y). 
Moreover, if K ^ 0, then 

(e) the v-curvature tensor S vanishes, 

(f) the (h)hv-torsion tensor T satisfies: T(0X,0Y,0W) = T V (0X)V {0Y)V (0W) . 

By Definition 12.101 and Theorem I3.38[ we immediately have : 

Corollary 3.39. A Finsler manifold (M, L) of dimension n > 3 which is h-isotropic 
and C h -recurrent is necessarily P 2 -like. 

Now, we define an operator P which aids us to investigate the i? 3 -like manifolds. 
Definition 3.40. 

(a) If u) is a ir-tensor field of type (l,p), then P • u is a n-tensor field of the same 

type defined by: 

(P ■ w){0X 1} 0X p ) := 0(^(0(0X0, (f>(0X p ))), 

where <fi is the vector is -form defined by (13.11) . 

(b) If u is a it -tensor field of type (0,p) ; then P • u is a -n-tensor field of the same 

type defined by: 

(P • w)(0Xi, 0X P ) := w(0(0Xi), <f>{0X p )). 

Remark 3.41. Since 0(0( X)) = <p{0X) for every 0X e X(tt(M)) (Lemma [3J2]), 
then the operator P is a projector (i.e. F • (P • u) = P • u). 

Definition 3.42. A ir-tensor field u is said to be indicatory if it satisfies the 
condition: P ■ uo = u. 

The following result gives a characterization of the indicatory property for certain 
types of 7r-tensor fields : 

Lemma 3.43. 
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(a) A vector {2)ii-form uj is indicatory if, and only if, uj(0X,0r)) = = uj(0rj,0X) 

and g(u(0X,0Y),0r]) = 0. 

(b) A scaler (2) n-form uj is indicatory if, and only if, u(fiX, 0rj) = = uj(0rj, 0X). 
Proof. 

(a) Let w be a vector (2) 7r-form. By Definition 13 .40( a) and taking into account (13. II) . 
we get 

{¥-u){0X,0Y) = 0(w(0(0X),0(0Y))) 

= cj){uj{0X - L~H{0X)0 V , 0Y - L- 1 £(0Y)0r ] )} 
= (j){uo{0X,0Y) - L~ 1 £(0Y)uj(0X,0r])- 

-L~ 1 £(0X)uj(0 V , 0Y) + L~ 2 £(0X)£(0Y)uj(0 V , 077)} 
= uj{0X, 0Y) - L~ 2 g(uj(0X, 0Y), 077)077 - <f){L~ 1 £(0Y)uj(0X, V )+ 

+L-H{0X)u{0r],0Y) - L~ 2 £{0X)e{0Y)u{07 ] ,0r 1 )} 

(325) 

Now, if u(0X, 07]) = = lo(0t), 0X) and g(uj(0X, 0Y), 0rf) = 0, then (I3.25j) implies 
that (P ■ uj)(0X, 0Y) = lo(0X, 0Y) and hence to is indicatory. 

On the other hand, if uj is indicatory, then uj(0X, 0Y) = (j){uj{(j){0X), (p{0Y))). 
From which, setting 0X = 0rj (resp. 0Y = 0rj) and taking into account the fact that 
0(0?7) = (Lemma 13.21) . we get uj(0t],0Y) = (resp. uj(0X, 07?) = 0). From this, to- 
gether with (F-lj)(0X, 0Y) = u(0X, 0Y), Equation fl3T231) implies that L~ 2 g(uj(0X, 0Y), 0r))0r) 
0. Consequently, g(uj(0X, 0Y), 0rf) = 0. 

(b) The proof is similar to that of (a) and we omit it. □ 

Proposition 3.44. For a Finsler manifold (M,L), the following tensors are 
indicatory : 

(a) The 71-tensor field 4>, 

(b) The mixed torsion tensor T , 

(c) The v-curvature tensor S, 

(d) The angular metric tensor h~, 

(e) The ix-tensor field P ■ uj for every ir-tensor field uj. 

Now, we define the following 7r-tensor fields: 

F(X,Y) ;=-L- 2 {mc h (X,Y)- 
g(F o (0X),0Y) :=F(0X,0Y), 
F a (0X) :=F(077,0X), 
F b (0X) :=F(0X,077), 
m(0X,0Y) := (P-F)(0X,0F) 
g(m o (0X),0Y) :=m(0X,0Y), 

a{0X) :=L~ 1 (P-F a )(0X), ) (3.26) 

g(0a,0Y) := a(0X), 
b(0X) :=L- 1 (P-F 6 )(0X), 
g(0b,0X) :=b(0X), 
c := L- 2 F(0r],0r]), 
R(0X,0Y) := R(0X,0Y)0T], 
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H(0X) := i?(077, 0X)0T) = R(0 V , 0X). 
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Remark 3.45. One can show that m, m , a and b are indicatory and H(0rf) = 0. 

Proposition 3.46. If (M, L) is an R 3 -like Finsler manifold, then the it -tensor field 
F can be written in the form 

F(0X, 0Y) = m(0X, 0Y) + i(0X)a(0Y) + £(0Y)b(0X) + c£(0X)£(0Y). (3.27) 

Proof. The proof follows from Definitions 12.141 and 13.40( b). taking into account 
Equations (13. ip and fj3.26j) . In more details: 

(P ■ F)(0X, 0Y) = F(0( X), <f>(0Y)) 

= F(0X - L- 1 £(0X)07], 0Y - L~ 1 £(0Y)0r ] ) 
= F{0X,0Y) - L~H{0Y)F{0X,0i 1 )- 

-L~ 1 £{0X)F{0 V , 0Y) + L- 2 £{0X)£{0Y)F{0 V , 0rj) 
= F(0X, 0Y) - L~ l £(0Y){(¥ ■ F b )( X) + L" 1 £(0X)F(0 V , 0rj)}- 

-L- l £{0X){(F ■ F a ){0Y) + L- 1 £{0Y)F{0 V 07])} + L- 2 £{0X)£{0Y)F{0r], 0rj) 
= F(0X, 0Y) - £(0X)a(0Y) - £{0Y)b{0X) - c£{0X)£{0Y). □ 

Remark 3.47. One can show that the n-tensor fields a and b satisfy the following 
relations 



F a (0X) = L{a(0X) + c£(0X)} 
F b (0X) = L{b(0X) + c£(0X)} 



b,^ rtU^S , - f>l v\ 1 ( 3 - 28 ) 



Proposition 3.48. In an R 3 -like Finsler manifold (M,L), we have: 

(a) R( X, 0Y)0Z = g{0X, 0Z)F o (0Y)+F( X, 0Z) Y-g(0Y, 0Z)F o (0X)-F(0Y, Z) X. 

(b) R{0X,0Y) = g(0X,0r ] )F o (0Y) + F{0X,0T])0Y-g{0Y,0r ] )F o (0X)-F{0Y,0T])0X. 

(c) H(0Y) = L 2 F O ( Y) + cL 2 0Y - g( Y, 0rj)F o {0r ] ) - F( Y, V )0r]. 

(d) F o (0X) = m o (0X) + 0a£(0X) + L~ 1 b(0X)0r] + c L- 1 £(0X)0r ] . 
Consequently, 

(e) R(0X, 0Y) = L{£(0X)(m o (0Y) + c^Y)) + 6(0X)0(0F)}- 

- L{£(0Y)(m o (0X) + c(j)(0X)) + 6(0F)0( X)}. 

(f) H{0Y) = L 2 {m o (0Y) + c0(0F)}. 
Proof. 

(a) Since (M,L) is an i? 3 -like manifold, then by Definition 12. 141 we have 

R(X,Y,Z,W) =g(X,Z)F(Y,W) - g(Y,Z)F(X,W)+ 
+ g(Y,W)F(X,Z) - g(X,W)F(Y,Z). 

From which, using the fact that g(F o (0X),0Y) = F(0X,0Y) and that the Finsler 
metric g is non-degenerate, the result follows. 

(b) Follows from (a) by setting 0Z = 07]. 

(c) Follows from (b) by setting 0X = 0rj. 
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(d) By (E2ZD and (jg^Ejl . we get 

(7(F O (0X), 0y) = g(m o (0X), 0Y)+g(0a, 0Y) £(0X)+L- 1 b(0X)g(0 V , 0Y)+c L- 1 £(0X)g(0r ] , 0Y). 
Hence, the result follows, from the non-degeneracy of g. 

(e) Follows by substituting F o (0X) (from (d)) and F b (0X) (from (13351) ) into (b). 

(f) Follows from (e) by setting 0X = 07], taking into account Remark 13.451 and the 
fact that £(0rj) = L. □ 

Remark 3.49. In view of (13.261) and Lemma \3?2\ Definition 12. 13( a) can be reformu- 
lated as follows: 

A Finsler manifold (M, L) is of scaler curvature if the ir-tensor field H satisfies the 
relation H(0X) = L 2 K(j)(0X), where k is a scalar function on TM. 

Definition 3.50. A Finsler manifold (M, L) is said to be of perpendicular scalar 
[or of p-scalar) curvature if the h-curvature tensor R satisfies the condition 

(P • R)(0X, 0Y, 0Z, 0W) = Ro{h(0X, 0Z)h(0Y, 0W) - hfaX, 0W)h(0Y, 0Z)}, (3.29) 

where R a is a function called the perpendicular scalar curvature. 

Definition 3.51. A Finsler manifold (M,L) is said to be of s-ps curvature if(M,L) 
is both of scalar curvature and of p-scalar curvature. 

Proposition 3.52. If m o (0X) = t(f)(0X), then an R^-like Finsler manifold is a 
Finsler manifold of s-ps curvature. 

Proof. Under the given assumption and taking into account Proposition 13.48( f) . we 
have 

H(0X) = L 2 K(p(0X), with K = t + c. 
Thus, the considered manifold is of scalar curvature. 

Now, we prove that the given manifold is of p-scalar curvature. Applying the 
projection P on the /i-curvature tensor R of an i?3-like manifold, we get 

(P • R)(0X, 0F, 0Z, 0W) = R{<f>{0X), <f>(0Y), <f>{0Z), (j){0W)) 

= g{<f>{0X\ 0(0^))(P • F)(0Y 7 0W) + g((/>(0Y), <f>(0W))(P ■ F)(0X, 0Z)- 
-g{<f>(0Y), 0(0^))(P • F)(0X, 0W) - g(<f>(0X), <f>{0W)){W ■ F)(0Y, 0Z) 
= g{<f>{0X), (j){0Z))m{0Y, 0W) + g{<f>{0Y), (j){0W))m{0X , 0Z)- 
-g{<p{0Y), <f)(0Z))m(0X, W) - g(<l>(0X), <j>(0W))m(0Y, 0Z). 

(3.30) 

Since 

g((f>(0X), <f>(0Y)) = g{<j>{0X), 0Y - L- l £(0Y)0 V ) = g(<f>(0X), 0Y) - L^Y^^X), V ) 
= h(0X,0Y) - L- l £(0Y)h(0X,0r]) = h(0X,0Y), 

then, by using again the given assumption (m = t<fr m = th), Equation (I3.30|) 
reduces to 

(P • R) (0X, 0Y, 0Z, 0W) = H(0X, 0Z)m(0Y, 0W) + h(0Y, 0W)m(0X J 0Z) - 

-H(0Y, 0Z)m(0X 7 0W) - H(0X, 0W)m(0Y 7 0Z) 

= 2t{h(0X,0Z)h(0Y,0W) - h(0Y J 0Z)h(0X,0W)}. 

Therefore, by taking R = 2t, we have 

(P • R)(0X, 0Y, 0Z, 0W) = R o {h(0X 1 0Z)h(0Y, 0W) - h(0Y, 0Z)h(0X, 0W)}. 
Consequently, the given manifold is of p-scalar curvature. □ 
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Theorem 3.53. If an R 3 -like Finsler manifold (M,L) is of p- scalar curvature, then 
it is of s-ps curvature. 

Proof. Since the considered manifold is i?3-like, then, by the same procedure as in 
the proof of Proposition I3.52[ we have 

(P ■ R){0X, 0Y, 0Z, 0W) = h(0X, 0Z)m(0Y, 0W) + h(0Y, 0W)m(0X, 0Z)- 

-H(0Y,0Z)m(0X,0W)-h(0X,0W)m(0Y,0Z). 1 ' ' 

On the other hand, since the considered manifold is of p-scalar curvature, then the 
/i-curvature tensor satisfies 

(P • R)(0X, 0Y, 0Z, 0W) = R o {h(0X 1 0Z)h(0Y, 0W) - h(0Y, 0Z)h(0X 1 0W)}. (3.32) 
Now, from Equations (I3.3ip and (I3.32p . we obtain 

U x,0Y{Rofr(0X, 0Z)h(0Y, 0W) - h(0X, 0Z)m(0Y, 0W) - h(0Y, 0\V)m(0X, 0Z)} = 0. 
Using (I3.26P and the non- degeneracy of the metric tensor g, the above equation 
reduces to 

H x, y{RoK0X, 0Z)(j){0Y) - h(0X, 0Z)m o (0Y) - m(0X, 0Z)</>(0Y)} = 0. (3.33) 
Since the 7r-tensor fields <p, m and m are indicatory, then 
Tr{0Y i— > h(0X 1 0Y)(l)(0Z)} = g(0X,cj)(0Z)) = H(0X,0Z), 
Tr{0Y i — > h(0X,0Y)m o (0Z)} = m(0X,0Z), 
Tr{0Y\ — > m{0X,0Y)(t){0Z)} = m{0X,0Z). 

Consequently, if we take the trace of both sides of Equation f)3.33p . making use of 
Lemma [3.431 we get 

(n - 2)R o h(0X, 0Z) - (n - 3)m(0X, 0Z) - (n - l)t h{0X, 0Z) = 0, 
where t := ^-j-Tr(m D ). From which, using (13.261) and Lemma [3.21 we get 

(n - 2)R <f) - (n - 3)m -(n-l)t</> = 0. (3.34) 
Again, taking the trace of the above equation, we obtain 

(n-l)(n-2)(R -2t) = 0. 
Substituting the above relation into (13.341) . we get m = t<fi. Hence, by Proposition 
13321 the result follows. □ 

Theorem 3.54. // an R 3 -like Finsler manifold (M, L) is of scalar curvature, then it 
is of s-ps curvature. 

Proof. Since the given manifold is i?3-like, then the 7r-tensor H is given by (cf. 
Proposition 13.481) : 

H(0X) = L 2 {m o (0X) +c(p(0X)}. (3.35) 
And since the considered manifold is of scalar curvature, then 

H(0X) = L 2 K(f)(0X). (3.36) 

From Equations (I3.35P and (13.361) . we deduce that m o (0X) = (k — c)(/)(0X) =: t(j)(0X). 
Hence, by Proposition 13.521 the result follows. □ 

Now, let us define the 7r-tensor field 

tt(0X, 0Y, 0Z, 0W) = R{0X, 0Y, Z, 0W) - ^iX 0X , 0Y {g(0X, 0Z)Ric h (0Y, 0W) + 

+g{0Y, 0W)Rtc h {0X, 0Z) - rg(0X, 0Z)g{ Y, 0W)}, 

(3.37) 

where r = Sc h . From Definition 12.141 and (13.371) . we immediately obtain 
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Theorem 3.55. An R 3 -like Finsler manifold is characterized by 

^(0X,0Y,0Z,0W) = 0. 

The tensor field \& in the above theorem being of the same form as the Weyl 
conformal tensor in Riemannian geometry, we draw the following 

Theorem 3.56. An R 3 -like Riemannian manifold is conformally flat. 

Remark 3.57. It should be noted that some important results of [8], [9], [11], [T3j . 
[12], [2U] ; ... ; eic. (obtained in local coordinates) are retrieved from the above mentioned 
global results (when localized). 
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Appendix. Local formulae 



For the sake of completeness, we present in this appendix a brief and concise 
survey of the local expressions of some important geometric objects and the local 
definitions of the special Finsler manifolds treated in the paper. 

Let (U,(x 1 )) be a system of local coordinates on M and (7r _1 (?7), (x\ y % )) the 
associated system of local coordinates on TM. We use the following notations : 
(d{) := the natural basis of T X M, x G M, 

(Oi) := (^j): the natural basis of V U (TM), u G TM, 
(di, di): the natural basis of T U (TM), 

(0<9j): the natural basis of the fiber over u in ir~ l (TM) (0<9j is the lift of di at u). 

To a Finsler manifold (M,L), we associate the geometric objects: 
gij := | didjL 2 = didjE: the Finsler metric tensor, 
Cijk '■= \ dk9if the Cartan tensor, 

Hij := <7y — £i£j (£i := dL/dy l ): the angular metric tensor, 

G /l : the components of the canonical spray, 

G$:=diG h , 

G^j '.= djG[ L = djdiG^ 1 , 

(<y := (di - G^dh): the basis of H U (TM) adapted to G, h , 

(Si, di): the basis of T U (TM) = H U (TM) © V U {TM) adapted to Gf . 

We have : 
7(00i) = 4, 

= 09., = 0, p(5i) = 0d u 

(3{0di) = S i} 

J{di) = di, J0i) = O, J(Si) = di, 

h := flop = dx % ® di — G l j dx j ®d\ v := 70-K" = A/ 1 <g> d\ + G* dx 5 <g> 4- 

We define : 
1% '■= \ 9 M (di gej + dj g ie - d e g^), 

c i ■= \ 9 he 0i gij + dj gu ~ di 9ij) = \ 9 M di 9je = 9 M C ij£ , 
rj. := \ g M (5i g ej + Sj g u - S t g^) . 

Then, we have : 

• The canonical spray G: G h = \^y % y^ ■ 

• The Barthel connection T: G\ = d, t G h = T^y* = G%yK 

• The Cartan connection CT: ( r£,G*, Cg-)- 

The associated /i-covariant (resp. f-covariant) derivative is denoted by 1 (resp. |), 
where := S k K) + KfY^ - K* m T% and K% := d k K) + K™C l mk - K* m C? k . 

• The Berwald connection BY: ( Gj,Gf, 0). 

* * 

The associated /i-covariant (resp. f-covariant) derivative is denoted by i(resp. |), 

where K% := S k K) + Kf& mk - K l m GJ k and K% : = d k K). 

We also have G% = Y% + C%\ k y k = Y% + Gg, , where C%\ = C%\ k y k . 

For the Cartan connection, we have : 
0)/i-torsion: R) k = S k G) - S 3 G\ = tt jk {5 k G)}, 
(^-torsion: P] k = G) k - Y) k = C^y™ = Gj fc|0 , 
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(h)hv-torsion: C l jk = l/2{g n d r gj k }, 
/i-curvature : R} hjk = iij k {S k r hj + T^T^J - C^Efr, 
^-curvature : P l hjk = d k Y l hj - C[ k]j + C[ m Pj£, 
f-curvature : S l hjk = C™ k C l mj — C^C l mk = \Xj k {C^ k C l m j} . 

For the Berwald connection, we have : 
(^torsion: R% = 5 k G) - 8jG\ = tt jk {8 k G)}, 
/i-curvature : R*\ jk = lt, ;fe {5 fe G^ + G^G^J, 
/^-curvature : P** hjk = d k G\j =: G\ jk . 

In the following, we give the local definitions of the special Finsler spaces treated 
in the paper. For each special Finsler space (M, L), we set its name, its defining 
property and a selected reference in which the local definition is located: 

• Rimaniann manifold [22J : gij(x,y) = gij(x) •<==>- Gij k = •<=>- := Cf k = 
(Deicke's theorem [3]). 

• Minkowaskian manifold [22]: gij(x,y) = gij{y) -<==>- G l - k ^ h = and R^ k = 0. 

• Berwald manifold [22]: T^(x, y) = T^(x) (i.e. d k T^ = 0) <S=^> Cg |fc = 0. 

• C^-recurrent manifold [13]: (7^-^ = fi k Chij, 
where fij is a covariant vector field. 

• P*-Finsler manifold [7J: C*, = A(x,y)Cg, 

where A(x, y) = P 4 := P* = C* |o = C i]0 and C 2 = + 0. 

• C^-recurrent manifold [13]: Cj fc |z = A;Cj fc or CV^I; = XiCij k . 

• C°-recurrent manifold [13]: CjfcL = ^ l ^jk or ^ijk\i= A/CV^. 

• Semi-C-reducible manifold (dimM > 3) [T8] : 

Cjjfc = t^- — {hijC k + %fcC,t + h k iCj) + -^CiCjC k , C 2 0, 

where /i and r are scalar functions satisfying \x + r = 1. 

• C-reducible manifold (dimM > 3) [15]: Cyfc = ^p[(hijC k + ftjfcCj + hkiCj). 

• C 2 -like manifold (dimM > 2) [17]: C ijk = ^dCfi^ C 2 ^ 0. 

• quasi-C-reducible manifold (dimM > 3) [23]: Cy k = AijC k + Aj k Ci + A ki Cj, 
where Aij(x, y) is a symmetric tensor field satisfying A^y 1 = 0. 

• 5 3 -like manifold (dimM > 4) [6]: S Ujk = (n _ 1) ^„„ 2) {hkhj ~ tkjhk}, 
where S is the vertical scalar curvature. 

• Szt-like manifold (dimM > 5) [6]: S Ujk = HijF ik - h ik Fij + fkkFij ~ %F; fc , 
where F»j := ^^{^j — 2( - n 1 _ 2 ^ 6'%}; being the vertical Ricci tensor. 

• S^-recurrent manifold [20], [H]: Sh^/dm = ^mShijk, 
where \j (x, y) is a covariant vector field. 
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Second order ^-recurrent manifold [2D], [IT]: Shij k \ m \ n = ®mnShijk, 
where Qij(x,y) is a covariant tensor field. 

Landsberg manifold [7j: P^y k = {diY h jk )y k = Cj 1fe Z/ fe = 0. 

General Landsberg manifold [10]: P£ r y J = -<=>• Cj| = 0. 

P-symmetric manifold [19]: P^fc = Phiky 

P 2 -like manifold (dimM > 3) [U]: P hijfe = c^C^ - aiC hjk , 
where ak(x,y) is a covariant vector field. 

P-reducible manifold (dimM > 3) [JJ5]: Pijfc = ^i(fkj -Pfe + ^jfe -Pj + ^fci 
where P ijk = g hi Pf k . 

/i-isotropic manifold (dimM > 3) [13]: R hijk = k {g hj g ik - ghkg-ij}, 
for some scalar k Q , where Rhijk = guRhjk- 

Manifold of scalar curvature [21]: Rij k iy l y k = kL 2 hji, 
for some function k : TM — > R . 

Manifold of constant curvature J2JJ: the function k in the above definition is 
constant. 

Manifold of perpendicular scalar (or of p-scalar) curvature [H], 0: 

P ' Rhijk '■= hh ftj ^fc Rlmnr = Ro{^ik^hj ~ ^ij^hk}, 

where R Q is a function called a perpendicular scalar curvature. 

Manifold of s-ps curvature [5], (M,L) is both of scalar curvature and of 
p-scalar curvature. 

P 3 -like manifold (dimM > 4) [8]: R hijk = g hj F ik - g hk Fij + g ik F hj - gijF hk , 
where Py := ^{Rij - §r#j}; P^ := R h ljh , r := ^P|. 
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